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Spin-Yaw Lock-In of a Rotationally Symmetric Missile
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Spin-yaw lock-in has usually been associated with small aerodynamic asymmetries that produce a trim angle that
rotates with the missile. Recent trajectory calculations using wind-tunnel measurements of the aerodynamic moment
acting on a rotationally symmetric missile predicted spin—yaw lock-in. Thus, an asymmetry-induced trim moment is
not necessary for lock-in. For a side moment that varies with the roll angle between the angle-of-attack plane and a
fixed plane on the missile, this paper shows that lock-in of the coning motion and the rolling motion can occur. The
conditions on the aerodynamic moments for occurrence of lock-in are derived and appropriate stability criteria are
obtained. A simple case of a hypersonic finned missile is considered and the existence of lock-in is demonstrated.

Nomenclature
pSd/2 m
roll moment coefficients
pitch moment coefficients
normal force coefficient
linear static moment coefficient
missile body diameter
aerodynamic force components
coefficients in Eq. (14)
coefficients in Eq. (13)
transverse and axial radii of gyration
transverse and axial moments of inertia
aerodynamic moment components
AlezCO
missile mass
components of angular velocity
pd/V
steady-state roll rate
= reference area
missile velocity components
magnitude of missile velocity
angle of attack
angle of sideslip
u/Ve=l
magnitude of &
Euler angles of pitch, yaw, and roll
orientation angle of &
= (v+iw)/V=p+ia
air density
L/1,
= (q+ird/V
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Introduction

F A missile can be rotated through an angle 277 /k (k = 3, 4,5, ...)
and it looks the same as the missile in its original orientation, the
missile is rotationally symmetric. If the fins of a rotationally
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symmetric finned missile are slightly canted or slightly deformed, the
missile is now asymmetric and its transverse aerodynamic force/
moment expressions are augmented by constant-amplitude force/
moment terms that rotate with the missile. For constant spin, these
terms produce a constant-amplitude trim angle rotating with the
missile. The amplitude of this angle is a function of the spin and has a
resonance maximum when the spin rate is near the missile’s pitch
frequency.

Missile designers can control the spin by differentially canting the
fins. When this is done, the missile still has rotational symmetry but
no longer has mirror symmetry. The spin can be forced to be
significantly smaller or larger than the pitch frequency.
Unfortunately, nonlinear roll-angle-dependent roll moments exist
that can make the spin lock in to the pitch frequency. An important
example of such a roll moment is caused by a lateral shift of the
missile’s center of mass. This roll moment and its effect have been
studied by a number of authors [1-5].

Many wind-tunnel measurements of the aerodynamic moment of
various symmetric finned missiles have shown a dependence on the
roll angle between a fin and the angle-of-attack plane [6-8]. The
transverse aerodynamic moment can be expressed in terms of a pitch
moment that causes a rotation in the angle-of-attack plane and a side
moment that causes rotation perpendicular to the angle-of-attack
plane. The linear value of this side moment is zero, but a nonlinear
side moment can vary with this roll angle and have nonzero values.

Pepitone and Jacobson [9] have shown that roll-angle-dependent
pitch and side moments can have significant effects on the angular
motion of a symmetric missile when the spin rate is equal to the
coning frequency. Thus, a completely symmetric missile can have a
resonance response. This resonance is, however, important only if
spin—yaw lock-in can occur for a rotationally symmetric missile.

In a recent paper, Beyer and Costello [10] studied the flight
dynamics of flap-controlled open boxes. They made a number of
subsonic wind-tunnel measurements of the aerodynamic force and
moment acting on various open boxes. These measurements showed
the variation of the aerodynamic force and moment with the
magnitude of angle of attack and the roll angle of the angle-of-attack
plane. These wind-tunnel results were used in six-degree-of-freedom
trajectory calculations. For certain center-of-mass locations, lock-in
motion occurred. This paper is a study of the theoretical
characteristics of this lock-in motion.

Equations of Motion

A missile-fixed coordinate system can be specified with its X axis
along the symmetry axis, its Y axis in the plane of a fin, and the Z axis
determined by the right-hand rule. The Euler angles 6, v, and ¢ relate
the missile-fixed system to an Earth-fixed system for which the X
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Fig. 1 Missile-fixed and Earth-fixed coordinates.

axis is aligned in the direction of the initial velocity vector (see
Fig. 1.)

The velocity vector of the missile’s center of mass and the missile
angular velocity vector can be described by components along these
missile-fixed axes:

V = (u,v,w) (1

Q =(p.q.7) @)

The missile is assumed to have a symmetric mass distribution. The
coordinates axes are normal axes of inertia, and the moments of
inertia along the Y and Z axes are equal Thus, the angular momentum
vector is

H =(pr’IthItr) (3

In view of the missile rotation symmetry, the analysis can be
simplified by describing the motion in the Y-Z plane in terms of a
complex angle of attack. The complex angle of attack is the angle
between the velocity vector and X axis; é is its magnitude and 6
specifies the orientation of the plane of this angle with respect to the
X-Y plane:

v+ iw

E= v =8¢’ =sinB +icosBsina =B +ia (4

In the usual airplane flight dynamics, « is the angle of attack and B is
the sideslip angle.
A complex transverse angular velocity can be defined:

_(g+ind
v

X

®)

The usual linear expression for the aerodynamic force and moment
can be stated in terms of these two complex variables:

F, = (pV*S/2)Cx = —(pV?$/2)Cp ©)
Fy + iF, = —(pVS/2)Cyu ™
M, = (pV2Sd/2)[Cy, (pd/V) + Cuo] (®)

M, + iM, = (pV*5d/2)
X [(Csu — iCh1a)& — iCpyg(E + ipE)(d/V) + Ciy,

R

®

The constant roll moment in the second term in Eq. (8) is usually
created by differentially canting the fins. This causes the missile to fly
at a constant-steady-state spin:

p::d/v = _CZO/CZp (10)

Linear flight dynamics show that the pitch moment coefficient C,,,
controls the frequencies of the motion, and the damping coefficients
Cy and Cyy,, control the growth or decay of the motion.

In this paper we will assume that Cg,, and C,,, are functions of &

and 0, and we will add a nonlinear induced-roll-moment term to the
axial moment:

M, = (pV2Sd/2)[Cp,(p — ps)(d/V) +8C1, (8.0)]  (11)

The missile’s rotational symmetry requires these three nonlinear
aerodynamic coefficients to be periodic functions of € with a period
of 27t/ k. Points on the surface of the missile can be located by three
coordinates: x, y, and z. If they are relocated to x, y, and —z and the
result looks the same, the missile has mirror symmetry. If the missile
has mirror symmetry, Cg,, and C,s are odd functions of 6, and C,,, is
an even function of 6.

The differential equations of motion can be obtained by
differentiating the linear and angular momentum and equating them
to the aerodynamic force and moment. The independent variable ¢ is
replaced by nondimensional arc length s:

t
s:d”/ vdt (12)
0

The resulting vector equations for the angular motion can be written
as six first-order real equations.
The drag and roll equations are

V'/V =-ACp 13)

ﬁ,—’_Kp(ﬁ_lass)—f_Kn(&é):O (14)
where
K, =—A(;>C, — Cp) K, = —Ak;25C,,(8,0)

I, pSd
A="—
md>? 2 m

pd
v

ky = p=
and primes denote derivatives with respect to s.

The y and z components of the equations for the derivatives of the
linear and angular momentum are

U— pw+ ru=AC,(V*/d) (15)
W+ pv— qu=AC,(V*/d) (16)
q— (1 —o0)r=Ak2C,(V/d)? 17)
i+ (1 —0)qg =Ak;2C,(V/d)? (18)

where

k, = VI,/md*

o=1/I,

Equations (16) and (18) are multiplied by i and added to Eqs. (15)
and (17), respectively, the independent variable is changed from ¢ to
s, and the complex variables £ and o are introduced:

£ — (ACp — ip)§ — iy o =A(C, +iC,) (19)
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o —[ACp —ip(1 — 0)] x =Ak;2(C,, + iC,) 20)
where
y=u/V=»1-8)"?=1

Finally, oc is eliminated between the two differential equations to
yield a second-order complex equation describing the angular
motion [11]. Finally, the force and moment expressions of Egs. (7)
and (9) are inserted. (Because A is quite small, squares of A have been
neglected.)

§' +[H—i(oc—2)pl
+ (0= D) =M+ i(p' + pH — Mg)lE =0 21)

where
H = A[Cy, —2Cp — k7*(Cyry + Ciie)]
M = Ak72Che(8.0) Mgy = Ak 2Cgyy(8.0)

Spin—-Yaw Lock-In
Lock-in motion can be defined as motion for which the spin is

constant and the complex angle of attack is constant in missile-fixed
coordinates. Thus,

pr=g=¢=0 (22)

In nonspinning coordinates, the missile is moving in a constant-
amplitude coning motion at the spin rate. The spin rate, amplitude,
and phase angle for this equilibrium motion will be denoted as p,, §,,
and 6,. The three conditions for the three lock-in parameters can be
obtained from Eqs. (14) and (21) by use of Eq. (22):

Kn(gev ée) = Kp(pm - pe)(d/v) (23)
My (5,.0,) = p.H 24)
Pod]V) = +4/-M(5,.0,)/(1 - 0) 25)

According to Eq. (24), the side moment affects the damping of the
motion.

Stability of Equilibrium Motion

Motion near equilibrium can be described by small perturbation
functions:

P =D+ nis) (26)
§ =35, + 1y(s) 27)
0=0,+ns(s) (28)

These perturbation functions are assumed to be exponential
functions of s:

n;=npe” (j=12,3) (29)
Equations (26-28) are inserted in Egs. (14) and (21). Three equations

in the three unknowns 7;, follow from Eq. (14) and the real and
imaginary parts of Eq. (21):

3
D agmp=0 (i=1.2,3) (30)
j=1

Expressions for the coefficients in Eq. (30) are given next:

ay = )\‘ + Kp
ay = (2—0)pA— 8. Msys

a, =6,(A+ H)
ar = 8, (A + HA — Mgy0)
ay = —28,(1—0)p, ayp =A%+ HA — 8, Mj

azy = —38,[(2 — 0) p.A + My

ap =K, a3 =K,

where
% _BK,, _8K,, _BMSM
nf 85 né 98 SM6 aé
M _ WMy M _B_M M _B_M
M8 = "ae 0= Y3 8= 25

Equation (30) will have a solution when the determinant of the
coefficients is zero. This yields a fifth-order polynomial:

MH+dr +dA3 + oA +dih+dy=0 (31)
The five coefficients in Eq. (31) are as follows:

d,=2H +K,

dy=2HK, — 8§, Ms — Mgy + H> — K5 + (2 — 0)%(,)?

dZ = Kp[H2 + (2 - U)Z(ﬁe)z] - (H + Kp)(éeM(ﬁ + MSM@)
+ (2 - G)ﬁe(MB - SEMSMz?) - GS(ﬁeKné - ZHKn@

dy = Mgy, M5 — M8 Mgy — HK ,(8, M5 + Mgp0)
- SeKné'(MH + OSeﬁe) + b

dy = (K[,MSMQ + HK,4)é,Ms — 8, HK ,sM 4
+[2(1 —0)pK,p — K,Mgl8 Mgps — 2(1 — 0) p,8,K,sMspo
where
b=—22-0)(1-0)(p.)’ + H> — 8 M;]K,s
+@2—-0)p.K,(My— 8, Mgys)

Equation (31) specifies five possible values of A. For a stable
equilibrium state, the real parts of these roots of Eq. (24) must be
negative. These roots are numerically calculated to determine
stability.

Simple Example
Very simple nonlinear functions will now be specified:
Ci = —a,(Cy, — K2Cp)Ssin kO (32)
Cgy = aycq sin k6 (33)
Chio = Co(1 — ¢,8% + as cos k) (34)

For the simple functions defined by Eqs. (32-34), Eqs. (23-25)
reduce to

a18e sin kée = (pe - pvv)d/v (35)

~ H p.d
a, sin k6, = Pe
M,

0

(36)
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p.d|V = j:\/—MO(l — 8 +ascosk,)/(1—0)  (37)

where M, = Ak;2c,.

The partial derivatives of the Eq. (30) coefficients can be
computed using the functions defined by Eqgs. (32-34), and they are
given as follows:

K = kAa, (k;>Cy, — Cp)8, cos kb,

K5 = Aa, (k;*C,, — Cp) sin k6,
Mgy0 = kMya, cos kée
Mgys =0
Mg = —kMgyas sin kég

Ms=—-2M,c,é,

We will consider the long hypersonic missile with four symmetric
fins and a fineness ratio of 20 that was used in [5]. Its physical and
aerodynamic characteristics are given next:

k=4 Py =0 d=0.35ft S =rnd*/4
V = 6000 ft m = 3.5 slug I, = 0.054 slug - ft?
I, = 14.3 slug - ft? 0= 0.002 slug/f¢* C,=-18
¢y =06.0 c, =82=25 Cp,=04 Cr, =6.0
a, = 0.0069 a, =0.4747 a;=0

Cyty + Cyrg = —1180

For the preceding parameters, Egs. (35-37) yield values for p, and
8. They are £4.02 rps and 0.30 (17 deg) There are two families of 6,

for positive spin and another two families for negative spin. For 6, in
degrees, they are

p.>0  6,=1125+90j 33.75+90; (j=0,1,2,3)
(38)
p.<0  6,=—1125+90j —3325490j (j=0,1,2,3)
(39)

The roots of polynomial (31) are computed for the four families.
According to the real parts of these roots, both first families in
Eqgs. (38) and (39) are stable and both second families are unstable.

The actual occurrence of spin—yaw lock-in is demonstrated by two
numerical integrations of Eqs. (14) and (21). For all calculations,
6y = 33 degand &, = 0, and the initial conditions for § and p will be
specified as multiples of the equilibrium conditions:

pOZRplpe| (40)

For the first case, R; = 1 and R, = 0.7, and for the second case,
Rs;=1landR,=0.5.

Figures 2-5 give the results for the first case. Figure 2 shows p
approaching its equilibrium value of 4.02 rps after some large
oscillations. In Fig. 3, § approaches its equilibrium value of 0.3, and
in Fig. 4, O approaches its equilibrium value of 191. This corresponds
to the third member of the stable family for positive spin. Finally,

80 = R&Se

spin (rps)

3 A 1 1
0 0.5 1 1.5 2

time (sec)
Fig. 2 Spin versus time; R; =1 and R, = 0.7.
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Fig. 3 Delta versus time; R; =1 and R, = 0.7.
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Fig. 4 Theta versus time; R; =1 and R, =0.7.

Fig. 5 plots o versus B and shows that the angular motion starts in the
first quadrant and ends in the third quadrant.

For second case, Fig. 6 shows a decrease of p to an equilibrium
value of —4.02 rps. Figure 7 shows that § approaches its equilibrium
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Fig. 5 Alpha versus beta; R; =1 and R, = 0.7.
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Fig. 6 Spin versus time; R; =1 and R, = 0.5.
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0.14 A A L
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Fig. 7 Delta versus time; R; =1 and R, = 0.5.

value of 0.3, and in Fig. 8, & approaches its equilibrium value of 169.
This corresponds to the third member of the stable family for
negative spin. Figure 9 plots « versus B and shows the motion
starting in the first quadrant and ending in the second quadrant. A

200 T T T T T T T T T

180

40

20 L L L L L L L L
L] 02 04 06 08 1 12 14 16 18 2

time (sec)
Fig. 8 Theta versus time; R; =1and R, =0.5.
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Fig. 9 Alpha versus beta; R; =1 and R, = 0.5.
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Fig. 10 Delta-e versus steady-state spin.

number of integrations were made for other values of Rs and R,,, and
for all cases, either positive lock-in or negative lock-in occurred.

If the steady-state spin is not zero, different equilibrium values are
obtained. Figure 10 plots equilibrium amplitude versus steady-state
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spin. We see that increasing steady-state spin increases §. According
to Eq. (37), this increases the magnitude of lock-in spin. The
occurrence of positive or negative spin is a function of initial
conditions.

Conclusions

We have shown that lock-in can occur for rotational symmetric
missiles. This lock-in can also occur when the fins are differentially
canted to produce a design steady-state spin. The occurrence of
positive or negative lock-in spin is determined by initial conditions.
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